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ABSTRACT We derive an exact closed formula for the fluorescence recovery curve measured in fluorescence
photobleaching recovery experiments employing uniform circular laser beams. In contrast to the expression used
currently, this result is very simple and free of mathematical drawbacks, thus facilitating the quantitative analysis of
experimental data.

INTRODUCTION

The fluorescence photobleaching recovery (FPR) tech-
nique (also abbreviated FRAP; fluorescence recovery after
photobleaching) has become a standard method in studies
of the translational dynamics of membrane components. In
addition to the original version of the technique (1, 2),
which is the one most commonly used in several laborato-
ries, two refined variants have been recently reported (3, 4)
that are better suited to examine some special cases such as
anisotropic diffusion and the superposition of flow and
diffusional processes.

In this communication we are solely concerned with one
theoretical aspect of the original FPR version, namely, the
calculation of the fluorescence recovery curve for uniform
circular beam profiles because, in this case, the formula in
use seems to cause some technical trouble. In order to
establish a connection between our work and the results of
Axelrod et al. (1) (to be called 1) and to facilitate
understanding, we first briefly review the basic features of
the method and then proceed with the calculations using
the same symbols as in 1.

to analyze the transport process quantitatively. Restricting
ourselves to the case most commonly occurring in practice
(namely, pure isotropic diffusion), we have (Eq. 6 of I)

FK(t) f 1(r) CK(r, t) d2r,
A (1)

where q is the product of all quantum efficiencies of laser
light absorption, emission, and detection, A is the attenua-
tion factor of the beam during fluorescence recovery, I(r) is
the intensity profile of the bleaching pulse in the plane of
the membrane, and the origin of polar coordinates is taken
to be the center of the bleached circle. CK(r, t), the number
concentration of unbleached molecules at radial distance r
and time t, must be a solution of the diffusion equation
with circular symmetry and must satisfy the boundary
condition

CK(c, t) = C. (2a)

and the initial condition

CK(r, 0) = CO exp [-a TI(r)] . (2b)

REVIEW OF FPR THEORY

The fluorescently labeled membrane component to be
studied is initially assumed to be uniformly distributed in
the membrane, represented by an infinite plane. An
intense, focused laser pulse of appropriate wavelength
bleaches a small circular spot (typically 8 gm in radius) on
the membrane. Subsequently, the same beam is attenuated
and monitors the reappearance of fluorescence within the
circle due to the arrival (via diffusion and/or flow) of
unbleached molecules. The so-called fluorescence recovery
curve FK(t) (fluorescence intensity vs. time after bleach-
ing) thereby recorded contains all the information needed

aI(r) is the rate constant of the first-order irreversible
photobleaching reaction, and T is the width of the bleach-
ing laser pulse, which is much smaller than any character-
istic transport time. The parameter K,

K = a TI(O) (3)

is called the bleaching parameter and measures the
amount of bleaching induced. The data are more conve-
niently displayed in the form of fractional fluorescence
recovery curvesfK(t) defined by Eq. 9 of I:

FK(t) - FK(O)
FK(t) = FK() FK(O)
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As seen from Eqs. 1-4, the explicit form of FK(t) depends
on the intensity profile of the laser beam I(r). For Gaussian
beams, FK(t) is expressed in a closed form involving well
tabulated special functions (Eq. 10 of I) and will not be
considered here.

FLUORESCENCE RECOVERY
CURVE FOR UNIFORM CIRCULAR
BEAMS

Using the well known (6) integral identities

I exP( -a2+#2)(a)

- £c ds s J,(sa)J,(sf3) exp - yS2 (o0)
for y = Dt, v = 0, a = r, ,B = r' and

r' J0(sr) dr' = JI(Ws),
S

(1 1)

Technical problems arise when one analyzes the data of
experiments employing uniform circular disk profile beams
(Vaz, W., and T. Jovin, personal communication and
unpublished results). In this case, the relevant formula for
I(r) andfK(t) given in I (Eqs. 4 and 14) are

P0/7rw2 r < w

0 r> w,

f TD
fk(t) = 1 -exp(-2TD/t)[Io(2rD/t) + Il (2TD/t)I

(
2Z - 1)k(2k + 2)! (k + 1)! TD k (6)

k-0 (k!)2[(k + 2)!1 t- 6

Io and I, are modified Bessel functions, TD = w2/4D is the
characteristic diffusion time, w is the radius of the circular
beam, D is the diffusion coefficient, and PO is the total laser
power. Due to the singularity at t = 0, the formula in Eq. 6
is inconvenient for numerical work, particularly in this sort
of time regime: (t < 0.1 TD) and cannot be easily used as an
aid in transport diagnostics (e.g., in order to decide
whether one or several diffusing components are present).
For these reasons we decided to reconsider the problem and
derive a simpler formula.

Instead of considering the diffusion of unbleached mole-
cules into the circular spot (i.e., calculating CK[r, t]), it is
slightly more convenient to consider the diffusion of
bleached molecules out of the spot, i.e., to calculate their
concentration CK(r, t) where

CK(r, t) + CK(r, t) = CO (7)

expresses the fact that the total concentration of labeled
molecules remains constant. The boundary and initial
conditions (Eqs. 2a and 2b) now become

CK(O, t) = 0 (8a)

and

* [CO(I-exp-K)
Ck(r, 0) = I

0

r c w

r> w
(8b)

where the J. are Bessel functions in conjunction with Eqs.
8b and 9, we arrive at
*

CK(r, t)

= wC0(I - exp - K) f ds exp - ys' J0(sr)J1(ws). (12)

This expression is now used, together with Eqs. 7, 5, 3, 1,
and the identity 11 to yield, after some straightforward
manipulation, the fluorescence recovery curve

FK(t) = F - 2[F - F.(K)] f _IJ (x) exp- (t)x2, (13)

where b(t) = y(t)/w2 = Dt/w2, F = q/AP0C0, and
FJ(K) = F exp - K are the fluorescence intensities before
and just after bleaching, respectively.
The integral appearing in Eq. 13 may be expressed in

terms of a certain generalized hypergeometric series by
means of a known integral representation of the latter (7).
However, this result is not particularly useful because we
want to have an expression as simple and as compact as
possible and not another series representation. This may be
accomplished as follows.

Differentiating Eq. 13 with respect to time we obtain

dFk(t)
dt

2D ao
2

=2 [F - Fk(O)I J dx xJI(x) exp -(t)X2

= [F - Fk(O)] -expr(-2D/t) Il(2rD/t). (14)t

The second equality is a consequence of identity 10. We
now integrate Eq. 14 from t to mo and obtain finally

Fk(t) = Fk(oo) - [F - Fk(0)]

t f exp (-2TD/t') 11(2rDIt')

= Fk(o) - [F - Fk(O)]
2 D-t exp ( I

A convenient integral representation of C*K(r, t) (5) is

IDt2*o r2_+-i-'2 rr'
CKr)=2Dt JdrrCK(r, 0) exp~ 4Dt JI0 2Dt)' (9)

= Fk(oo) - [F - Fk(O)I
1 1 - exp(-2rDIt)[I0(2-TD/t)

+ 1,(2rD/t)I ( -

BIOPHYSICAL JOURNAL VOLUME 41 1983

(15)

96



Assuming as usual full recovery (i.e., FK(oo) = F4), we
obtain the fractional recovery curve defined by Eq. 4 in the
simple closed form

f(t) = exp (-2-rD/t)[IO(2rD/t) + I,(2rD/t)] (16)

Notice thatf(t) is independent of the bleaching parameter
K. A short time expansion off(t) is easily derived by means
of the large argument asymptotic expansions of the Iv in
Eq. 16, namely,

The ascending power series expansion of the right-hand
side of Eq. 16 leads the long time behavior

f(t) = 1 - 7D/t + (TD/t)I - * t» TD- (18)

The easiest (but not necessarily most accurate) way to
determinerTD (i.e., D too) is that proposed in I. The
numerical solution of the equation F(t,,2) = '/k yields

D = 0.224 w2/ttD2, (19)

which is identical to Eq. 19 of I. Alternatively, TDmay be
extracted from a least squares fit of the experimental data
to expression 16, or if sufficiently accurate short- and/or
long-time data are available from suitable plots based on
Eqs. 17 and/or 18.

Experimental FRAP data (Vaz, W., and T. Jovin,
personal communication and unpublished results) of the
fluorescent lipid analogue NBD-C14PE in DMPC multibi-
layers (see [8] for abbreviations) are displayed in Fig. 1
together with the theoretical curve Eq. 16 (TD = 4.92 s, D =
3.9 * 10-8 cm2 s-'). In this case, the single component
diffusion picture seems to describe the situation quite well.
This is not always true. For example, it is observed that the

08 V

oV-

t/s

FIGURE 1 Fluorescence recovery curve of the lipid analogue NBD-
C14PE in DMPC multibilayers. 0, T = 24.90C and w = 8.8 Am;
experiment by Vaz and Jovin (personal communication and unpublished
results); theory (Eq. 16 with D = 3.9 * 10-8 cm2 S-'1D = 4.92 s from Eq.
19).

lateral motion of both lipids (8) and proteins (9) in
gel-state bilayers is better described by two diffusing
populations, a fast and a slow one, with D's differing by at
least an order of magnitude, and fractions 0F and Os varying
with temperature, type of host lipid, etc.

If both components have identical photobleaching char-
acteristics, diffuse isotropically and independently, and if
recovery is complete, analysis along the line described
above yields the fluorescence recovery curve

f(t) = fF(t) + OAF[s(t) -fF(t)], (20)

where fF(t) and fs(t) are given by Eq. 16 with rF and rs,
respectively.

Provided that one has accurate enough experimental
data, the three parameters OF. TF,rF , can be determined
from computer fitting of the data to Eq. 20. A simple
method to decide whether the one component isotropic
diffusion picture is valid or not is to determine the apparent
D (or TD) via several alternative routes. Say, from Eq. 19
and

D = 0.7386 W/t3/4 (21)

or Eqs. 17-19. Whenever single component isotropic diffu-
sion prevails, the results should be identical within experi-
mental errors.
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